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Importance:

Drug modeling plays a crucial role in pharmaceutical development and research.  Mathematical modeling proves to be a useful tool for discovering, refining, developing, and testing new pharmaceutical products.  

Creating a mathematical model of how a drug should interact in a certain system can prove invaluable for the pharmaceutical researcher.  One of the most powerful uses of pharmaceutical mathematical modeling is found in comparing a mathematical prediction of drug interaction with actual clinical data.  A plethora of information can be reaped from this practice by merely observing the discrepancies and simply asking ‘why?’  The model serves two purposes to the biological scientist.  First, in clinical trials, it gives the clinical researcher a base line to start from, that is, an introductory dosage and an idea of how the drug will react with the body.  Second, it checks that the scientist’s predictions about the medicine are correct.  Third, and most importantly, the discrepancies between collected clinical data and the predicted model help uncover overlooked biological interactions within the patient.  

Thus, from the genesis of the drug to its release on the market, mathematical modeling of drug interaction proves invaluable to the pharmaceutical researcher.   

Pethidine:
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Pethidine is a synthetic analgesic drug closely related to morphine.  The drug is commonly used in labor and on post operative patients because of its comparatively lower potency and shorter duration of action than morphine
.

Pethidine is commonly given in 50-100mg dosages which typically last 2-4 hours.  The drug is commonly administered orally, intramuscularly, subcutaneously, or intravenously
.  It is carried by the bloodstream and moves between the blood stream and the other organs.  Pethidine is finally metabolized and removed by the liver
.  

Development:

Developing a mathematical model began with exploring the biological model.  As mathematicians we were given a basic model of how biologists predicted the drug to flow through the body.  Biologists found that the drug when injected directly into the blood moves back in forth from the blood plasma to the other organs of the body.  Pethidine was metabolized in the blood stream.  Movement was characterized by constants which described the rate at which pethidine was absorbed between the blood and organs.  It was realized that these rates would be unique to each patient studied.  Thus a simple diagram of how pethidine moved through the body was developed:
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Figure 1: Pethidine Flow






In order to quanitify the movement of the drug, we set out to add variables to the model.  The concentration of pethidine in the blood plasma was designated x1, the concentration of pethidine in the other organs was designated x2.  The rate of exchange from blood plasma and the other organs was designated as k12 and the rate of exchange from the other organs to the blood plasma was described as k21.  Finally, the rate of metabolism was designated k10. 

Thus, having designated the variables, we are able to describe the rates of change in both compartments.  Pethidine flows from the blood plasma to the other organs at a rate of (k12)(x1) and back from the organs at a rate of (k21)(x2) and is metabolised at a rate of (k10)(x2).  Thus our model in terms of rates becomes:

Figure2: Pethidine Flow Rates
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From this rates can be written for the change in concentration of pethidine in both the blood plasma and the other organs.   For the blood stream we can see that the change in concentration can be described as:
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Eqn. 1
For the other organs we can describe the change in concentration as:
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Eqn. 2
Thus we now have a system of equations which model the movement of pethidine through the body.  Because the clinical data is given in actual concentrations instead of rates of change,  the system must be solved and thus 

give the concentration at any time t, in order to be able to compare the clinical data with the model.  Using Maple 6 software, the solution for x1 is:
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Eqn. 3
The solution for x2 is:
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Eqn. 4
With this model it is know known what the concentration of pethidine in either the blood plasma or the other organs at any time t, assuming one knows the rates at which the body metabolizes the drug, and the rates at which the drug moves between the blood plasma and the organs.  Thus to observe the model, values for k10, k12, and k21 must be estimated and inserted.

Assesment
We assess the model by comparing it to the clinical data.  

Extrapolation from the data, the model, and common sense leads to two assumptions about the model.  First:

k12 < k21 < k10
It is known that the drug is not metabolized from in the organs, therefore its only method of escape is through the blood plasma.  To prevent a buildup in the organs the pethidine must flow from the organs at a faster rate that it comes in and the drug must be metabolized faster than it flows.  This originates from the knowledge that patients do not stay under the influence of the drug for their entire lives: it is eventually all metabolized.  (Note, assuming k12 and k21 are equal because blood entering and exiting must be equal is a faulty assumption because rate of movement of drug is dependent on absorption through cell walls, not blood flow). 

Furthermore, the second assumption is that the rates of absorption vary from person to person.  The rates k10, k12, and k21 can not, therefore, be derived mathematically. 

Finally, we know that x2, the other organs, begins at t = 0 with an original concentration of 0 because the drug is injected into the bloodstream.  Thus we know the concentration of pethidine in the other organs must initially spike up after the injection and then move back to zero as the patient metabolizes the drug.

From these assumptions one gains a qualitative idea of how the drug should behave on a graph.  We are given yet another tool for qualitatively assessing the drugs accuracy of the equations, that is, how closely the math resembles real life.  

The next step was to test different sets of values for the rates of flow.  From the data, estimations were made for the constants, graphed, and each set was assessed for their relation to the clinical data and their adherence to the aforementioned criteria.  

Trial I:  

Variables were selected that were evenly spaced over the interval {0 . . 0.4} (from the clinical data).  First, values of  [k12 = 0.1, k21 = 0.20, k10 = .35] were inserted into the solutions to produce the solution
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Eqn. 5
for x1 concentration at time t and
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Eqn. 6
for x2 concentration at time t.  

These were graphed against the clinical data:

Graph 1.

[image: image31.png]05

04

03

Concentration

02

01

Conc.vs. Time fork12=01,k21=02 k10=03%5

2 4 6 8 10

t

Legend
Clinical Data for Conc, of Pethidine in Blood Plasm
Conc. of Pethidine in Other Organs
Conc. of Pethidine in Blood Plasma



First we note that from this view of only ten hours time, we can see that the model closely represents the clinical data.  Both curves behave relatively the same and their values cross a number of times, indicating a close fit.

In order to test the criteria that the pethidine level goes to zero in the other organs before it does in the blood stream, we observe the functions at a much later time:

Graph 2.

[image: image32.png]Conc.vs. Time fork12=01,k21=02 k10=03%5
5e-09

4e-09;

3e-09

Concentration

2e-09

1e-09

07125 130 135 ¢ 140 145 150

Legend

Conc. of Pethidine in Other Organs
Conc. of Pethidine in Blood Plasma




This view quickly eliminates these variables as candidates for an accurate equation because as the time goes towards infinity, the concentration of pethidine approaches zero faster in the blood plasma than in other organs, that is, pethidine will remain in the system.  

Trial II:

In this trial, constants were selected so that k12 and k21 were close together, k10 remaining high.  Our constants were thus {k12 = 0.1, k21 = 0.11, k10 = 0.3}.  With substitution, our solutions become:
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Eqn. 7

and
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Eqn. 8
Graphing these against the clinical data to observe behavior:
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Graph3.
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Again, we see a close correlation between the clinical data and the function for the pethidine concentration in the blood plasma.    Taking a closer look at a later time we see:

Graph 4.

Again, the same problem emerges that the concentration of pethidine in the blood plasma is lower than that in the other organs, contradicting our 

preset criteria.

Trial III:

Finally, we attempted a third variable set where the rate out of the organs is close to the metabolic rate.  The set is designated {k12 = 0.1, k21 = 0.29, k10 = 0.30} and the resulting solutions are:
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Eqn 9
and
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Eqn 10
Graphing these against the clinical data:

Graph 5.
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Taking a closer look at the function behavior towards time infinity:
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Graph 6.

This time we see that as time goes towards infinity the pethidine acts as predicted: the concentration goes towards zero faster in the other organs than it does in the blood plasma.  Thus using the constants {k12 = 0.1, k21 = 0.29, k10 = 0.30} we have a suitable model that both closely resembles the clinical data and that corresponds to the criteria we originally set forth.  

Conclusion:

Pethidine is a pharmaceutical commonly used for pain relief in childbirth, and in the post-operative patient.  The drug is injected intravenously and moves through the body in a manner described in Figure 1.  The movment is mathematically described in the system and

[image: image18.wmf] = 

¶

¶

t

(

)

x1

t

-

 + 

(

)

 + 

k10

k12

(

)

x1

t

k21

(

)

x2

t

Eqn. 1

and
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Eqn. 2
By systematically creating, substituting, and testing values for constants k12, k21, and k10, we are able to produce solutions from Equations 3 and 4 that closely resemble the clinical data and adheres to the criteria outlined in our assessment.  We conclude with a suitable model:
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Eqn 10

Graphing and visualization helped to compare the behaviour of the equations with the clinical data.  In graph 5 we can see that the data closely resembles the solved function.  The clinical data and our function intercept each other after about an hour.  Between hours 1 and 8 the concentration of the clinical data falls short of the concentration predicted by the function.  One should note that on all three graphs, this phenomenon occurs, indicating that the mathematical model developed is sound.  Between hours 8 and 10, there is little difference between the clinical data and the predicted concentration in the blood stream.

The significance of this on a pharmacological level would be the behavior of the drug between hours 1 and 8, where there is a discrepancy between the model and the clinical data.

The next step in the research process is to investigate the biological implications of the discrepancies uncovered by mathematical modeling.  Possibly more could be learned if the biological value of k12, k21, and k10 are researched from the biochemical approach.  Another possibility is that the biological model presented needs to be slightly modified.  One example of the simplicity of the model is that it assumes all organs retain the drug at the same rate and absorb it at the same rate.  In reality, some organs such as the small intestine and brain absorb chemicals at a much faster rate than others.  This is only one example of how research could be expanded upon.  

In conclusion, drug modeling was successful, uncovering a discrepancy between the biological model and the clinical data worth biologically investigating.  In the future more capital, time, and prestige could be directed towards the mathematical researchers to further explore more complicated biological models.  

Appendix I : Clinical Data from a patient given a 50mg intravenous injection.

Time (hours)
Conc. In Blood Stream (g/l)

0.5
0.42

1
0.29

1.5
0.22

2
0.18

2.5
0.15

3
0.125

4
0.096

6
0.06

8
0.038

10
0.024


Appendix II: Maple6 Script
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Figure 1: Pethidine Flow
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