Measurement of the Gravitational Constant Using a Cavendish Balance

John Cole, Pirouz Shamszad, Sarmadi Almecki

In this experiment, the gravitational constant was measured using a torsion balance and balls of varying masses.  A laser was directed on a mirror attached to the rotating masses and the distance traveled by the laser was recorded automatically using a computer.   The path difference of the laser was translated into the path traveled by the balls.  Finally, the data was statistically analyzed and the gravitational constant was found to be 7.21462e-11 +/- 3.61353 e-12 Nm2/kg2.  
The gravitational constant was measured by Lord Cavendish in 1798 [1].  Cavendish created an apparatus to measure the gravitational constant that consisted of weighted balls and a rigid rod that was about six feet in length.  Small metal spheres were attached to each end of the rod, which was suspended by a wire.  Large metal balls were placed near the small ones (see diagram below).  The torque of the wire was measured.  As the small balls rotated towards the large balls Cavendish was able to derive the gravitational force between the objects when they came to equilibrium.  The gravitational constant was derived, knowing the two masses and the gravitational force.
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Thus the gravitational constant is a measure of the absolute strength of the gravitational force.  


 Before 1798 Newton had formulated the gravitation law:

F = -G m M êr
r2

where G is the Universal Gravitational Constant ( 6.67259 e-11 m^3/(kg*s^2),  M is the mass of the first body, m is the mass of the second body, êr is the unit vector between bodies, and r is the distance between the masses.  To calculate this with our experimental setup, modifications have to be made.  First, for the moment of inertia of the system is defined as

I = 2md2

Where m is the mass of the small lead ball and d is half the distance from the weight to the pivot point.  The torque created by the suspension wire is described by the equation

I d2(  =  -k(
       dt2 
Thus we find that 

K = 4(2I
        T2p
Where Tp is the time of the period.  (s is the change in distances.  Applying this to our experiment we measure the Universal Gravitational Constant:

G = (2a2d(s

      MLT2p

Where a is the distance between the large and small ball, d is the distance between the small ball and the rotation axis, M is the mass of the large ball, and L is the distance from the laser to the monitor.  It is important to account for the moment of inertia of the system.  We correct for the moment of inertia of the system with the equation:

I = 2md2 +2((2/5)mr2)

Damping is accounted for by the equation 

K = 4(2I/T2p(1+(t2p/4(2T2d)

Cross attraction of the spheres is accounted for by the equation 

(( = 4GMmd/a2(1-(1+(4d2/a2)-3/2)

Accounting for all these corrections, we calculate G:

G = (2a2d(s (1+()(1+()

      




   MLT2p (1-()

Where ( = 2r2/5d2    and   ( = (Tp/2(Td)2  and ( = (1+(2d/a)2)-3/2
Experimental Setup

The principle piece of equipment we used was a torsion balance (as labeled in figure 1).  The balance consisted of two small lead balls placed opposite from each other on a crossbeam, suspended by a wire consisting of a very fine phosphor bronze strip.  Rotating around the small balls were a much larger set of lead balls, used to attract, by gravity, the smaller balls.  Attached to the balance was a mirror that rotated with the suspended lead balls.  A laser was shone upon the mirror.  

Finally, a receptor was set up across from the torsion balance.  The receptor had a photoreceptor on one side, facing the torsion balance, and another photoreceptor on the other, facing a computer monitor.  A cursor was displayed on the computer monitor, representing the position of the receptor.  The computer was set up so that the cursor was directly behind the photoreceptor.  As the mirror on the torsion balance rotated, the light path traveled across the computer monitor.  The computer moved the receptor in order to keep it in front of the laser and moved the mouse cursor to keep it positioned directly in front of the light receptor.  The computer recorded the cursor’s position at increments of 10 seconds.  The time and position of the laser beam in relation to the monitor were recorded and saved by the computer.  
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Figure 1: Experimental Setup
Procedure and Data

We began the experiment by setting up the apparatus.  The laser was placed on a counter top beside the computer.  The torsion balance was set up, the lead balls put into place.  The laser was shone on the mirror of the torsion balance and moved laterally in order to place the beam on the computer screen.  Finally, after the computer was prepared and a file was created, the two large balls were swung opposite their original position, away from the small balls.  The small balls, due to gravity, rotated toward the newly positioned large balls.  This motion in turn rotated the mirror reflecting the laser back onto the computer.  As the balls rotated, the laser traveled across the computer screen.  The computer recorded the resulting data taking data every ten seconds.  After the smaller balls position reached equilibrium with the larger balls, the larger balls position was again reversed, creating torque in the opposite direction.  Care was taken to move the balls as smoothly as possible: small movements including impacts on the table and jarring motions while moving the balls upset the balance and left the mirror and small balls rotating in random directions for upwards of an hour.


The data was analyzed using gnuplot.  Time was the independent variable while position was the dependent.  The original data was given in pixels and seconds, which was converted to meters and seconds (1 pixel = .000764m).  The resulting graph:
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Graph 1: Position vs. Time for all Data Gathered

From the data (see graph 2) we found that:

(S = .041638 ( .002m

Tp = 557.5 ( 10s

Thus, knowing that

a = distance between large ball and small ball = .04719m

d = distance of small ball to rotation axis = .04968m

M = mass of large ball = 1.5kg

and that

G = (2a2d(S
         MLTp2

We find that G = 6.09495 e-11 +/- 8.6646 e-12 Nm2/kg2
Correcting for the moment of inertia, damping, and cross attraction of the spheres is accounted for by the equation 

G = (2a2d(S    (1+()(1+()
         MLTp2       
    (1-()

Where


( = 2r2

( = (Tp/2(Td)2

( = (1+(2d/a)^2)^(-3/2)


      5d2

In order to find Td, the time required for the amplitude of the oscillations to fall of by a factor of e, Gnuplot was employed.    
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Graph 2: Analysis
Fitting the data to the equation 
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 where t is the time,  
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is the damping time, Ao is a constant.  To find 
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 we used the first set of data.  Using the method of least squares, we found that Td (see 

Graph 2) was 1095.01 ± 50.1s.  From the more accurate equation, we find that G = 7.21462e-11 

+/- 3.61353 e-12 Nm2/kg2


Possible sources of error include vibrations from the environment.  Small vibrations of the building disturb the motion of the metal balls.  If the experiment were to be repeated, we recommend that it be performed on sturdy ground: either outside or in a basement.  

Summary

In summary we measured the gravitational constant G using a torsional balance, laser, and computer.  The data was graphed, data (S and Tp were derived from the resulting graphs, and the gravitational constant was computed.  G was found to be 6.09495 e-11 +/- 8.6646 e-12 Nm2/kg2  without correction.  Correcting for moment of inertia, damping, and cross attraction of the spheres we computed G to be 7.21462e-11 +/- 3.61353 e-12 Nm2/kg2.  This lies within 92% of the accepted value for the Universal Gravitational Constant (6.672e-11 Nm2/kg2)

In the future we recommend that the distance be measured before the data collection begins and that the path the laser beam takes be marked off with heavy furniture or tape to prevent error and loss of data.  
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